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Abstract. We study a problem of the geometric quantization 
for the quaternion projective space. First we explain a Kahler 
structure on the punctured cotangent bundle of the quaternion 
projective space, whose Kahler form coincides with the natural 
symplectic form on the cotangent bundle and show that the canon- 
ical line bundle of this complex structure is holomorphically trivial 
by explicitly constructing a nowhere vanishing holomorphic global 
section. Then we construct a Hilbert space consisting of a cer- 
tain class of holomorphic functions on the punctured cotangent 
bundle by the method of pairing polarization and incidentally we 
construct an operator from this Hilbert space to the L2 space of 
the quaternion projective space. Also we construct a similar opera- 
tor between these two Hilbert spaces through the Hopf fiberation. 
We prove that these operators quantize the geodesic flow of the 
quaternion projective space to the one parameter group of the uni- 
tary Fourier integral operators generated by the square root of 
the Laplacian plus suitable constant. Finally we remark that the 
Hilbert space above has the reproducing kernel. 



Introduction 

In the paper |FTj we explicitly constructed a Kahler structure on 
the punctured cotangent bundles of complex and quaternion projective 

Key words and phrases, quaternion projective space, Kahler polarization, geo- 
desic flow, pairing of the polarization, geometric quantization, Hopf fihration. 
Mathematical Subject Classification 2000. 53D50, 53D25, 32Q15. 

1 



2 



KENRO FURUTANI 



spaces whose Kahler form coincides with the natural symplectic form 
(see |li2j . jSzTj, |Sz2j and also a quite recent paper |Sz3j ) . This Kahler 
structure is also invariant under the action of the geodesic flow with 
respect to the Fubini-Study metric for the case of complex projective 
spaces and the metric defined through the Hopf fibration for the case 
of quaternion projective spaces, respectively. Then in the paper |FYj 
we applied this structure to construct quantization operators of the 
geodesic flow on complex projective spaces, by pairing polarizations 
(see [Ralij . jliljj ). In this paper we construct a similar operator for the 
quaternion projective space by the same method as |Ra2j and [FYI 
f Theorem 13. 2|) . We also construct a quantization operator by making 
use of the Hopf fiberation S*^""^^ P"HI. These two operators do not 
coincide. 

Most parts of this paper are devoted to the concrete determination of 
fiber integrations in terms of the Gamma function. These arise from the 
pairing polarization (Kahler polarization and the vertical polarization) 
on the punctured cotangent bundle of the quaternion projective space. 

Similar to the cases of the sphere and the complex projective space, 
the operators we construct here are not unitary, however, in a sense, 
asymptotically unitary (modulo a constant multiple (= indepen- 
dent of the dimension. Proposition I3.8|) ). 

The case of the sphere was treated earlier by |R,a2j . What remains 
among the compact symmetric spaces of rank one for which we want to 
construct a quantization operator of the geodesic flow, or more precise, 
an exact quantization operator of the bicharacteristic flow of the square 
root of the Laplacian is only the case of the Cayley projective plane. 
We will treat that case in a separate paper. See also jFj. 

In § 1 we summarize standard properties of the quaternion projec- 
tive space and introduce a Kahler structure on the punctured cotan- 
gent bundle of the quaternion projective space with a slight modifi- 
cation from |FTj . In § 2 we give explicit calculations of the pairing 
of the Kahler polarization and the vertical polarization on the punc- 
tured cotangent bundle of the quaternion projective space. Especially 
we give a relation arising from the Hopf fibration between the Liouville 
volume forms on the cotangent bundle of the sphere and the quaternion 
projective space. 

Based on these data, in § 3 we construct a quantization operator 
which maps a certain class of classical observables to L2-functions on 
the quaternion projective space. In § 4 we construct another quantiza- 
tion operator by making use of the Hopf fibration and give a relation 
between these two quantization operators. Finally in § 5 we note the 
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existence of the reproducing kernel of the Hilbert space consisting of a 
certain class of holomorphic functions which is constructed in § 3. Here 
we can represent it only in the form of power series. 



1. Quaternion projective space and a Kahler structure 

In this section wc describe a Kahlcr structure on the punctured 
cotangent bundle of the quaternion projective space. 

Let H be the quaternion number field over the real number field R, 
which is generated by {eo, ei, 62, 63} with the relations CjCj given by 
the table 





eo 


61 


62 


63 


eo 


eo 


61 


62 


63 


ei 


ei 


-60 


63 


-62 


62 


62 


-63 


-60 


61 


63 


63 


62 


-61 


-60 



In this paper we regard H" as a right H- vector space with the H-inner 
product 



:i.2) 



{h, k\ 



•t=i 



9{hi)ki 



-- {ki,...,kn) e H" and 6{x) = xoBq — 
3 

"^XiBi e H. Then the M bilinear form 

i=0 



where h = {hi, . . . , hn), k 
xiCi — 2:262 — ^363 for X 

{h, k) = }:{{h, k)^ + {k, on defines a Euchdean inner product 

on as a real vector space. We will denote its extension to the 
complexification (g) C as a complex bilinear form with the same 
notation ( • , ■ ). 

Let M(n, H) be the space of n x n H- matrices, and for X = (xij) e 
M(n, H) define respectively 



(1-3) 
(L4) 

(1-5) 
(1-6) 

Each matrix X e M{n, H) defines a right H-linear map X 
H", and we have 



9{x) = ie{x,,)), 

trX ^ ^Xii, 

^x = eCx). 



(1.7) 



(Xh,k)^^{hJXk\ 
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The group Sp{n) is then defined as a group consisting of those matrices 
X e M(n, H) which preserve the H-inner product. 

The space n{n,M) = {X e M{n,M)\X = ^X} is called a Jordan 
algebra with the Jordan product 

(1.8) X oY ^hxY + YX). 

Note that for X e 7i(n, M), tr X e Meo = K and n{n, M) is equipped 
with a Euclidean inner product given by 

(1.9) (x,y)« = tr(Xoy). 

The inner product has the property: 

(1.10) {XoY,Z\ = {X,YoZ)^. 

As is well-known, the quaternion projective space P"H is the set of 
all H-one-dimensional subspaces in H"'''^. Here we identify P"]HI with 
the subset in 7^(n + 1, H): 

(1.11) P"(H) = {P e 7i(n + 1, H) I P = (pi^(p,)), 

P=(po,...,Pn)eM"+\(p,p) = l}. 

We consider the Riemannian metric on P^H defined through the 
Hopf-fibration tt : S^""^^ P"e, where S^""^^ = {/i e H"+i | (/i, h) = 
(/i, /i)]jj = 1} has the standard metric. 

Let us denote the isomorphism EI M{2, C) 

(1.12) m3h^('^'^'^' "^2 + ^"^^ eM(2,C) 
by p and we denote with the same notation p its complexification 

(1.13) H®C^M(2,C). 

Now we introduce the following spaces: 

E5 = {(p, q) e H"+^ X H"+^ I = 1, (p, = 0, 

g+P(?,P)H 7^ 0}. 

The space E5 is 5'p(n + l)-invariant and also invariant under the 
right action of 5*^(1). 



E" = {(p,?) e H"+i X H"+^ I (p,p) = l,g ^ 0,(g,p)H = 0}, 
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UP,Q)\P,Q en{n + l,U),trP^l,PoQ^-Q,Q^O^ , 



"s = [{Bo,...,B^)eM{2,Cr^'\zAw^0,^detB, = 0], 



E 



where Bi e M(2, C) takes the form Bi = ( 1 , and z = 

{zq, Z2n+l), W = {wo, W2n+l). 



E°5 



where J 



I (-Bo, ■ ■ ■ , Bn) e E5 I ^2 ^i^i ^ — J ^ B^BiJ I , 
Q j and the condition "^B^B* — —J^BiBiJ can 



be rewritten as ^ Z2iZ2i+i + W2iW2i+i = 0. 



Eh = {A e M(2n + 2,C) | = *AJ, rank A = 2, = 0}. 
Here we denote by J 



J 



J 



0\ 
J ) 



e M(2n + 2,C). 



We will define the norm of a matrix A = (aij) G M{n, C) by \\A\\ = 
— ^/t^{AA*) and the norm of an element B e Eg by = 

Ell All'- 

Remcirks 1.1. The inner product ( • , • )]r on H{n + 1, H) is the restric- 
tion of the R-bilinear form ^ tr(X'^ + Y'^X) on M{n + 1, H) and can 

be extended to M(n + 1, H) C = M(2n + 2, C) as a complex bihnear 
form in a natural way. We will denote this bilinear form by 

{■, ■)c- M{n + 1, H) C X M{n + 1, H) ® C ^ C. 

Then the Hermitian inner product on M(n+1, IHI)(8)C = M(2n+2, C) is 
given by {A,B)^ and the norm of A e M(2n+2, C) ^ M(n+1, H)(8)C, 
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which we introduced above, equals \\A\\ =y^2 (^A, that is (^4,^4)^ 
= l/2-tY{AA*). 

Next we define the maps a, /3, tth, tts, T5 and th among these spaces: 

a : Eg — >■ Eh 
UJ UJ 
(p,q) ^ (P,Q), P^(Pie(pj)),Q^{pie(qj) + qie(pj)) 

(3 : E5 — > Eh 

UJ UJ 
{Bo,...,B^) ^ A={Aij), Aij = -BiJ'BjJ 

TTs: Es ^ S'^+' 
UJ UJ 

(p, g) I — ' p 

tth: Eh ^ P"H 

UJ UJ 

(p,g) ^ p 

: E5 — »■ E5 
UJ UJ 

(P,(l) I ^ (Po,---,Pn), 



= p(lkl|Pi ® 1 + 9i ® V-1), Ikll = y{q:q)m 

■ Eh — > Eh 

UJ UJ 

(p,g) ^ A = (A,), 

^ = iiQii' {p{p^^)) - {pmf + ^ 11^311 m.)) ■ 

Of course Eh is identified with the punctured tangent bundle of P"EI. 
The Riemannian metric on P"E[ defined through the Hopf fibration 
is given by 

(1.14) ^h((9i, (92) = ^ < <9i, (92 >M= \ tr(Qi o Qa) 
for (P,gi), (P,g2) e Eh. 
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Remarks 1.2. (1) Let {p,q) G E^. Then 4 = \\B\f{B = 

(2) Let (P,g) e Eh, then = 1/2 ||g||' Q, 2 ||g||' = = 

m{P,Q)). 

(3) Assume that (p, g)e = 0, that is {p, q) G E^., then we can easily 
show that 2 11511=^ = \\Q\\\a{p,q) = (P,Q)), = 2\\qfP + 
{q,9{q,)) and (3*{\\A\\) = j=jBf{A = m{P.Q), B = Ts{p,q)). 
Also we have guiQ-, Q) = H^H^ for (P, Q) = a{p, q) with (p, g) e 

Eo 
5- 

E5 is an open subspace of the tangent bundle of 5"^"+^. It consists of 
those vectors which are not parallel to the fiber of the Hopf-fibration. 

The map r5(resp. re) is an isomorphism between the spaces E5 and 

E5 (resp. Eh and Eh). Also we have T5(E5) = E^ and 

Proposition 1.3. (1) E5 is Sp{l)-invariant, and E^ is SU{2)- 

invariant, 

(2) the following diagram is commutative: 



(1.15) 



P"H 



TVs 



E°5 



Ef 



. EO 



Elf 



(3) the map ts commutes (on Es) with the action of Sp{l) ^ 
SU{2). 

Remark 1.4. The maps /3ots and thoq; do not coincide on the whole 
space E5. 

By the Riemannian metric we identify the tangent bundle of the 
sphere S^'^'^^, respectively the quaternion projective space P"EI with 
their cotangent bundle. Both spaces E5 and Eh can be seen as complex 
manifolds through the maps ts and th. Then we have 

Proposition 1.5. Letuis andui-M, he the symplectic forms on the cotan- 
gent bundle of the sphere S^"''^^ and the quaternion projective space, 
then 



:i.i6) 
:i.i7) 
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In fact we have more precise relations: 
Proposition 1.6. 

(1.18) ^/^T*s{d\\B\\ -d\\B\\) =2 03 



;i.l9) v^r* (9v^ - d^\) = 2t 6 



3 



where 9s ( resp. 9pn^) is the canonical one-form on the cotangent bun- 
dle T*S^''+^ (resp. T*Pm). 

Proof. We only show ()1.19p . The formula p.l8|) is proved more directly. 

By using the formulas in Remarks 11.11 11.21 and a property p.lO|) of 
the Euclidean inner product in the Jordan algebra 7i(n + 1, H), we can 
make the following calculations: 

m*{d{A,A)l!'-d{A,A)l!') 
= A^{\\QfP-Q^d{\\Q\\Q))^ 

^ {Q,dP)^. 



V2 

Then we have the formula ()1.19|) by adjusting constants according to 
the definition of the Riemannian metric ()1.14j) on P"]HI. □ 

When we consider the action of 5*^(2, C) = p({r G EI C | r6{r) = 
1}) on E5 from the right, we have 

Proposition 1.7. 

(1.20) P: Es^Em 

is a principal fiber bundle with the structure group SL(2,C). 



2. Pairing of polarization 

We will denote by ^(resp. Qs) the positive complex polarization on 
Eh (resp. E5) defined by the Kahler structure (Proposition II. 5|) . that 
is the sub-bundle consisting of tangents of type (0, 1), and by (resp. 
Kg) its canonical line bundle. In this section we will describe a nowhere 
vanishing holomorphic global section of the canonical line bundle K^, 
and then we determine explicitly the pairing of polarizations on Ee. 



QUANTIZATION OF GEODESIC FLOW 



9 



Let Z be a vector field on M(2, C) x • • • x M(2, C) \{0} defined by 



n+l 



~ dzi dzi ^ ^ dwi dwi^ 

where we denote B = (Sq, . . . , -B„) e M(2, C) x • • • x M(2, C) and 
Bi^i ] bgfQj.g and L> = V det 

We define a (4n + 3)-form (75 on M(2, C) x • • • x M(2, C) \ {0} by 

(2.2) as = ^2^/^)2n+2 ^^ ^^^0 A ■ ■ ■ A ci2;2„+i A rfwo A • • • A dW2n+l) 

where iz denotes the interior product with the vector field Z. 
Since dD{Z) = 1, we have 

(2.3) (2V^)^""^^ -dDAas^dzoA--- A dz2n+i A dwo A • • • A dw2n+i 

and the restriction of as to ^ det Bi — is holomorphic and nowhere 
vanishing. We will denote the restriction of as to E5 with the same 
notation. 

su(2) C st(2, C). We denote by Yi, Y2 and Y3 the vector fields on E5 
corresponding to these three elements respectively defined by the action 
of,5L(2,C). _ 

Let us consider the 4n-form a on E5 given by 

(2.4) (7 = iyg Oiy^ 0iy^((75). 

Then a is a holomorphic 4n-form, is invariant under the action of the 
group Sp{n + 1) on E5 from the left and is 5*^(2, C)-invariant from the 
right. Also note that det{Adg) = 1 for any g G SL{2,C). So there 
exists a unique nowhere vanishing holomorphic 4n-form am on Eh such 
that 

(2.5) P*iau) = a. 

This 4n-form am gives a holomorphic trivialization of the canonical line 
bundle of Eh, and is Sp{n + 1) -invariant. 

Let Vi,V2 and V3 be three vector fields on the sphere 5''^"^^ corre- 
sponding to the elements 61,62 and 63 in sp(l) C EI defined through 
the action of >S'p(l) from the right. Let Vs be the volume form of the 
Riemannian metric on 5'^""'"^ and denote the volume form on P"'E[ by 
Vm- 
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We define three one-forms 772 and 773 on in sucli a way tfiat 

(2.6) r^^iVj) = 5,, 

(2.7) r],(y) = for any V G T^^n+a 

wliicli is ortliogonal to Vj {j = 1, 2, 3). 

Now we have the following relations among these vector fields, one- 
forms and volume elements: 

(2.8) 7r,{vs) = 27r^VM, 

(2.9) 27rV(t;H) = ivg ° ivb ° ^1(^5), 

(2.10) r/i A 772 A 773 A iyg o iy^ o iy^ (t;^) = -y^. 

Here tt* means the fiber integration of the Hopf bundle tt : S'^'^'^^ 
Let 9i — {tts o Tg^)*rii. We decompose 9i into 

(2.11) di^ei + e'! 

with the holomorphic component 9[ and the anti-holomorphic compo- 
nent 9" in the complexified cotangent bundle T*(Es) (8) C. 
Then, we have 

Proposition 2.1. 

(2.12) 9[ A 9'^ A 9', A {iy, o iy^ o iy^ (as)) = det{9[iYj))as. 
on E5. 

Put 

(2.13) asAas = Asns 
and 

(2.14) am A am = Amflm 
where 

l'_iN(4n+3)(2n+l) _-| 

^ ^ (4n + 3)! ^ (4n + 3)! ^ 

and 

are the Liouville volume forms on j'*5'4"+3 g^j^^j j'*pnjj respectively. 

Then the invariance of as and Qs under the transitive action of the 
group 5*0(471-1-4) on the unit sphere in the tangent bundle and 
the invariance of am and flm under the transitive action of S'p(?T, -t- 1) 
on the unit sphere in the tangent bundle TP'^M. give 
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Proposition 2.2. 

(2.17) As = as\\Bf''^' 

(2.18) Ae = ae||A||^"+^ 

with two constants as and ae- 
Again by the same reasons as above, we can put 

(2.19) (ns o T,'y{vs) Aas = Bs^s, 

Bs = bs\\B\\-' 

and 

(2.20) (tth o rjj^)*(vH) A ae = Sh^h, 

Bn = bi 



with two constants 65 and 6h- Then we have 
Proposition 2.3. 



(2.21) =det(^:(y,))^ 



on E". 



Proof. By (12. 5p and Proposition 12. H 

- det(.-(y..)) det(.f (r.)) " " " " " " ^^^^-^ " ^ 
/?'^(v4h) 

det(^:(y,))det(^^'(r,)) 

Then 



demiY,)) det(C(r,)) A5iy3 o iy, o iy^(f]5) 

= /3*(Ae) iy3 o iy, o iy^ (^^ A ^3 A ^3 A ^1 A ^2 A ^3) A /3*(fii 

on E5, since P^iYj) = 0. 
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On EO we have by Proposition HH ((TBD, (0 and (IZTIID 

det(^:(F,))det(C(F,)) 



^5 

^ det(^:(r,)) det(^:'(F,)) % o o i^^ ((vr^ o r,y{i^, Ar^.A^s 



As iyg o ° in ° ^)*{vs) A as) 



Aiv3 o iva o ivi(^'5)) A as) 

det(^:(r,)) det(^:'(r,)) 

iyg o iy^ o iy^ ((tts o 1)* (?7i A r/a A r^s A 7r*('i;H)) A a^) 



det(^^(r,-)) iyg o ° in (^i A ^2 A ^3 A /5* o (tth o T^'Tivu) 



AO'; A ei A ei a 



Here 9i should be understood as restricted to E^. Now we have the 
following equality on E^: 

l3\Au)iY, o iy, o iy^{9[ A 6', A 6', A e'[ A 9'^ A 91) A I3*{n^) 

= det(^:(F,))iy3 o o \y^{9[ A 9', A 9', A &[ A 9^ A 9^) A f3*{BM. 

Bs 

Since iyg o iy^ o iy^ {9[ A 9'^ A 9'^ A 9'1 A 9^ A 9^) ^ 0, we have 
(2.22) 2vr^^det(^:(F,))=/5*(|^) 

on E^. □ 

By PT7|l to ^^TM and ||5f = y/2(3*{\\A\\) on E^ we have 
Corollary 2.4. 

\ 2n+l 

Tl) I- 

Hence det(^^(y^)) must he constant on E^. 

Now we list the concrete values of these constants as, bs, Ou, 
and det(^;(rj)). 
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Proposition 2.5. 

(2.24) as = -v^, 

(2.25) 6s = v^, 

(2.26) au = 2^-^, 

(2.27) det(^:(r,)) = 2-3 = demiY^)) = det(C(l^")) on E^, 

(2.28) b„ -- ^ 



Here Y- (resp. ¥■') is the holomorphic (resp. anti-holomorphic) part 
of the vector field Yi. Note that the value det(6'^(l^)) is not constant 
on all of E5. 

The calculations for the determination of these five constants are so 
tedious that we do not write down the details here. They are made 
by evaluating both sides of ()2.13p ()2.14p and ()2.19p at a specific point. 
Especially to determine the constant ae, we make use of the fiber 
bundle structure stated in Proposition 11.71 to consider a suitable local 
coordinate neighborhood in the space Ee. Then we use the above 
CoroUarv 12.41 to determine the constant be. 

Although it appeared in the proof of Proposition 12.31 we emphasize 
the relation between the Liouville forms on 2"*5'4"+3 q^yl^^ j^*pn-^. 

Proposition 2.6. 

(2.29) ns 

(3* (Am) 1 



;e[ AO'^AO'^A e'l A el a a /3*(a 



As \dem{Y,W 

3. Quantization operator I 

From now on we will omit the maps th and ts for the sake of sim- 
plicity. 

In this section we construct an operator from a Hilbert space con- 
sisting of a certain class of holomorphic functions on Ee to L2(P"]HI). 

The symplectic form tue defines a complex line bundle L on Ee 
(although this is topologically trivial) with the connection V. Since 
dOu = i^e there is a trivialization of L by a section se such that the 
connection V is given as 

(3.1) Vx(sh) = 2iTy/^ {9m, X) Se, 

and since 6'e is real we can introduce an inner product on L such that 

(3.2) (se, Sh)l = 1- 
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Again, by = V ~'^d{d ^^/ \\A\\) , we have another triviahzation of 
L by a global section te such that the connection is expressed as 

(3.3) Vx{tM) = 2nV^(2'^y/^d^/lA\\,x)tu. 



Since % = with a nowhere vanishing function ip, this function ip 
must satisfy the equation 

(3.4) d\ogip = 2nV^{9M-2-^V^d^/lA\\). 
From ()1.19|) . we can take a solution of this equation 

(3.5) ^ = e-^-v^. 

We denote this solution by ipo and fix = (po sh henceforth. 

Next we consider the canonical line bundle and its square root 

\Jk^- For the canonical line bundle we can introduce a connection 
"along the polarization" Q in such a way that 

(3.6) ^Vx(/) = ix o rf/, for X e T{g), f e T{K^). 

Note that ix{f) = for X G r(^), / G T{K^). Now, by making use 
of this connection, we can also define in a unique way a connection on 

the square root ■\J K^. We denote this connection by ^V^. 

From the pairing ()2.14|) and by ()2.18p we define the pairing of ^/^^ 

by 

(3.7) < \/o^, y/o^ >= A/|ae| " '^"'^^^ 



and introduce an inner product for = / ■ % (g) y/o^ G r(L y K^) 
and ip = g ■ tfi(^ ^/o^ G r(L (g) \Jk^ (/ and g are functions on Eh) 



by 

(3.8) ((/),^) = / /(A)^p)(tH, %)l < V^, V^> ^^H 

= / /(A)^e-2^-v^|aH|^ \\A\r'nu. 

Let us denote by Tg{L ® \J the space of smooth sections which 

are parallel with respect to the connection V ® Id + Id ® ^Va. Then 
we have the isomorphism 

(3.9) / < — > f -tu® Voi 
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between the space of holomorphic functions on Ee and Tg{L (g) \Jk^. 

Note here that Vx(%) = for X e r(^). We denote by i)^ the 
completion of the space 



{/ ■ % ® v^oie I / is a polynomial on M{2n + 2, C) restricted to Ee} 

oo 



1=0 



with respect to the norm defined by the inner product (j3.8|) . where 
denotes the space of polynomials of degree / on M(2n + 2, C) (restricted 
to Eh). The spaces "Pf and are orthogonal for / ^ l' with respect 
to this inner product ()3.8|) . 

Let T be the vertical polarization on Ee = T^P^W defined by the 
projection vre : TqP^W — > P"]HI. In this case we also have a connec- 
tion "along the polarization" T for the square root of the canonical line 
bundle in the same way as for the case of the Kahler polarization 

and we have the correspondence 

(3.10) g< — > T^m*{9) ■ su® \fm*{v^ 



between the space C°^(P"EI) and the space Tjr[L ® ^/K^). Again 
here note that Vx(sh) = for X G r(jF). So we can define the inner 
product on the space Tyr[L \^K^) by 



(3.11) / giiP)g2iP)vM 

through the above identification ()3.10|1 . since we assumed that (se, se)^ 
1 and (g) ^/v^ = vu- 

By (I2.2(J|) we define the pairing < \/ttm*{vm), ^/^ii > as 



(3.12) < y/Tiu*{vM),Vai>= V\bm\ 

then finally we define the pairing between the spaces Tyr[L ® a/ K^) 
and Tg{L (g) \Jk^ as follows: Let = vre *(/) • Se C?) a/vth *(f h) and 



= g ■ ^J^m, then we define 
(3.13) 



(V2,V^)= / 7re*(/)(v4)5((v4) (tH,SH)L < \fm*{vm)^V^> 



m*{f)g{A)e-^^^^\\^\\^\\\Ap a 



Eh 
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The pairing above defines an operator T : g ^ T{g) G C°^(P"EI) 
for g G C°°(E^) satisfying a suitable integrability condition, that is we 
have 

/ fT{g)vM = {n^if)-SM®^/7^m*{vmj,g-tm^V^)- 
Jp"m 

In fact we have 

(3.14) T{g)vM = {nM).{ge-'^-V^\^/\b^\\\A\\-^ Qu), 

the fiber integration of the map tth. 

Let A'^ be the Laplacian on P^EI with respect to the Riemannian 

metric defined in § 2 and let {e~^^* v^^^^^jfgR be the one param- 
eter family of unitary and elliptic Fourier integral operators generated 
by the square root of the operator A'^ + (2n + 1)^. 

The bicharacteristic flow {at}tm of the operator ^ + (2n + 1)^ is 
the Hamilton flow whose Hamiltonian is the square root of the metric 
function and can be expressed as follows: 

Proposition 3.1. 

(3.15) at-.Eu^BM, at{A) = e'^^^' A. 

Proof. Let Xg be the vector field on Ee defined by the flow (Jt{A) = 
g-2x/=Tty^^ and let h{A) = 2~^/''-\/jP4j[(= square root of the metric 
function on TP"]HI). Then by Proposition 11.51 we have for any vector 
field Y on Eh 

My,Xg) = 2'/^V^dd,/lA\\iY,Xg) = Yih), 

which proves the proposition. □ 

The geodesic flow restricted to the unit tangent sphere bundle of 
P"'M coincides with the Hamilton flow above under the identification 
of the tangent bundle and the cotangent bundle by the Riemannian 
metric. 

From the theory of Fourier integral operators, we know that for each 
t G M the graph of the symplectic isomorphism at is the canonical re- 
lation of the Fourier integral operator e-v^t\/A"+(2n+i)2 ^ rjj^jg corre- 
spondence can be seen as a quasi-classical approximation. An opposite 
is interpreted as a kind of quantization. Here we have a kind of exact 
quantization of the flow {at} by making use of the operator T: since 
a^{am) = e~^^^*^^""'"^VH and 0"j*(iH) = we should regard the action 
of the flow {at} on the Hilbert space such that {at)*{f ■ % ® y/d^) 
^ g-v/^t(2/+2n+i) f .t^^ for each f eV^. Then we have 
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Theorem 3.2. (1) The operator T is an isomorphism between the 
spaces f)g and L2{P"'M.). 
(2) The following diagram is commutative 

(3.16) 

L2(P"H) > L2(P"H). 

g-tv^Y^ AH+(2n+l)2 

Remark 3.3. The Hamihon flow {at} is periodic with the period vr. 
However, the action {a^} on 1)^ is periodic with the period 27r and the 

one parameter family of unitary operators {e~*^'^v^^^^^} also 
has the period 27i. 

We will prove this theorem by explicitly calculating the norms of the 
operator T on each Vf^ ( Proposition 13.81 ). 

Let us denote by Sk {k = 0,1, . . .) the space of harmonic polynomials 
on H""*"^ = M''"+^ of degree k, and by 5° the subspace of Sk consisting 
of those polynomials which are invariant under the action of Sp{l) from 
the right. The l-th eigenspace Hi of the Laplacian A'^ on P"H[ with the 
eigenvalue A; = 4/(2n + 1 + /) is isomorphic to by %* : Hi = iS2/(^ • 
_^ pr^ii), and = {0}. It is known that the dimension of Hi 
is given by 

2n / + 1 , , / r(/ + 2n + l) ^ ^ 

{3.17) dim Hi = -— ^ ■ (2/ + 2ri + 1) ' ^ ^ 



2n+l/ + 2n ' ' Vr(2n + l)r(; + 2 

and 



00 



(3.18) = L2(P"H) 



1=0 



Here we note the important fact that for each flxed z G HI"+^ (g) C 
satisfying {z, z) = 0, the polynomial {p, z)' of p G H"+-'^ = R*"+'' is a 
harmonic polynomial, and likewise we can prove 

Proposition 3.4. For each fixed A G Ee, the polynomial (7r(p),yl)ji 

= ((^fe)Pj),^)c = 0, 1, . . . j on H"+i = M^"+^ IS a harmonic poly- 
nomial and Sp{l) -invariant. 

Proof. It is enough to prove that the polynomial (vr(p), ^4)^5 is harmonic 
for a particular A G Ee because of the two point homogeneity of P"H 
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by the isometry group Sp{n + 1). Hence if we take a point A G Ejt 



A = p 



( 



\ 



( 1 







-1 
-1 















\ 

then we have the resuh by an exphcit calculation. 

Let Ai be a map: 
(3.19) Ai: Hi^ Vf 

given by 



□ 



(3.20) 



For / e let Bi{f) G C'^{P''B.) be given by the integral 

(3.21) Bii/m = [ f{A){P, A)^e-2^-v^v^ Pf^' ^h- 

"'Eg 

Then Proposition 13.41 guarantees that Bi maps Vf^ into Hi and we have 
(1) Bi commutes with the action of Sp{n + 1) on Vi and Hi. 



(2) 



(Bi o Ai)iip)iP) . icp)iP)vu 



= I \Ai{^){P)\'-e-'^'-Vm^\\\A\r^Qu. 



Of course the operator Ai also commutes with the action of 5'p(n+l) on 
Hi and Vf^, so that the operator Bi o is a positive constant multiple 
(= bi) of the identity operator. This constant bi satisfies 

(3.22) / \Ai{^){A)\' e-'^-V^^^/\^\\\Af^'Qn 

J En 



bi 



To determine bi we put 

(3.23) Gi{P,P')= [ {P, A)'^ {P', A);,e"^^-v^v^ Pll"^' ^ 

^ Eh 



then 
(3.24) 



/ Gi{P, P'MP)vu = bi^iP'), e Hi. 
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Now from the invariance Gi{gP^g, gP'^g) = Gi{P,P') for any g G 
Sp{n + 1), we have 

(3.25) / G(P, P)vm = bi dim Hi = ^(Po, Po)^o/(P'^H) 
for any fixed Pq G P"EI, and we have 

(3.26) bi dim Hi 

-if \{P,A)^\''e-'^'-V^\^\\\A\r\uA^u. 
Now the integral 

(3.27) \\A\r'^ [ |(P,A)c|%e = /, 
is independent of ^4 e Eh, so that we have 

bi dim Hi ^ / /n|A|r^+'^vWe-2^'^^0H 

J Eg 

= /,v^2i("+^+^') 

Js^ri-l Jo 

1 



xr(6n + 41 + 2)vol{S'^''-^)vol{P''M). 

Next we calculate the constant To this purpose we choose a point 
(Po, Qo) from Eh: 



/ 1 ••• \ 







and Qo 



/ 1 

1 



V 











When we put Aq — th(Po, Qo), then 

(3.28) |(P,^o)cl' = (lbo||'-|bi||Y + 4|(po,Pi)^ 
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where P = fe^(pj)), (po, ...,Pn)e ^^"+3 C W'+^. So 

(3.29) /; = ||Ao|r'' / |(P,Ao)cl'^H 

= Po|r^' / |(P,Ao)cr'--^vr.M 



For the determination of the last integral on the sphere 5'^"+3^ -^yg 
define a coordinate transformation $: 



$ : X Di ^ e"+\ (y, ^ (v^l - a;) 



where Di = {a; G H""^] < 1}. Then we can separate the variables 
into two parts (y, x) in the last expression of ()3.29j) so that the constant 
/; is equal to the following integral: 



(3.30) /. = ^^^^ / {l-\x\y+^^dx 

X / (dlz/of -||l/if)^ + 4|(yo,l/i)r)V, 



where dx is the Lebesgue measure on H" ^ = M^" ^ and f^? is the 
volume element on the unit sphere 5*^ C = M^. 
Let TT : ^ ^ M X e = be the map 

7r(l/o,Z/i) = (llz/of ,l/o6'(l/i)) = (^0,^1,^2,^3,^4). 
Then tt realizes the Hopf fibration 






(to, • • • , ^4) 
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and we have a reduction of the integral on S*^ in the above formula 
(j3.3(J|) by the fiber integration to an integral on S^: 



-\\yi\\y + M{yo,yi)\'yvsr 
*i{{\\yor-\\yifr + M{yo,yi)\yvs. 



3 

2\/ 



vol{S^ 



24 

vol{S^) 



24 



271 I {l-tl-tl- tlY dt2dt^dti 

Jtl+tl+tl<i 



voi{s^)voi{s^) ^ r(/ + i)r(|) 

■ Zti ■ 



24 2r (/ + 1 + 1) ■ 

Hence we have 

r-Mt! ,,,rQ4n-5^ ^(2/ + 4)^(2n-2) 
^^•^^^ ^'-^^-^^^5 ) 2r(2/ + 2n + 2) 



^^^ voi{s^)voi{s^) r(/ + i)r(|) 



24 2r (z + 1 + 1) ■ 

Finally the constant hi is expressed as 
Proposition 3.5. 

(2v^)-2' ^;o/(^3)w/(52)2^ r(/ + i)r (I) 



X 



27r2 24 2r (/ + 1 + I) 

TO/(g4«-5-)r(2/ + 4)r(2n-2) 
21(2/ + 2n + 2) 



X 



(2/ + 2n+ 1)2 
T{l + lfT{l + 2f 



T{l + n + l/2)r(/ + n + l)r(/ + 2n)r(Z + 2n + 1) 



As a result we proved 

Proposition 3.6. The operator -^^-A-i is a unitary isomorphism be- 
tween the spaces Hi and Vf", and -^^^i is the inverse. 
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Next we consider the operator T o Ai : Hi ^ C°° (P"I1 
Let (p E Hi, then 

iToAiiip))vm 



so put (tth)* ((P, Af^ e-^•-•^^v4M PIP ^^h) = P')^h, where 

t:m{A) = P' (exactly P' = tth o ^^(A)). Then 

Since Ki{gP^g, gP'^g) = Ki{P, P') for any g G S]:>(n + 1) and so 
Ki{P, P') = Ki{P', P) (since P^EI is a symmetric space), we know 
that for each fixed P' (resp. P) the polynomial Ki{n{p) , P') (resp. 
ir/(P, 7r(p')) on H["+^ is a harmonic polynomial. Hence the operator 
T o Ai maps Hi into itself, so that T o Ai : Hi Hi is an intertwining 
operator of the irreducible unitary representation of Sp{n + 1) on Hi. 
Hence we can put 

T oAi^ aild, 
on Hi with a suitable constant a^. 

Proposition 3.7. 

A^J 2^/4 r(/ + l)r(/ + 2)r(/ + 2n + l/2) 
- v|Oh| • ^2^+3/2 ■ (2/ + 2n+l)r(/ + 2n) 

Proof. Since 

XK^,0<^(^)^H = ai(^(P'), 



and by the invariance of the kernel Ki(P,P') — Ki(gP^g, gP'^g), we 
have 

/ Ki(P,P)vm = aidimHi = X,(^o, ^o)^oZ(P"H), Pq G P"H. 
Let rH(Po, Q) = A, then 

(Po, = ^Po, dlQIl' Po - Q^) ® 1 + ^ v^^^ 



1 „„„2 



= 2 11^11 



Hence 
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WQW 



2 \ g-V2-^-i 



Since the integrand on the fiber 71^^{Pq) is only a function of the norm 
IIQII, we have 

POO 

KliPo, Po) = / t2i+ig-2.yn-i v4M(2V2)^ 
Jo 

= ^^TO^r(2/ + 4n + l)vol{S'-~')^\. 



{2n 



Note here that \\Q\f = 2||g||^ for {p,q)^ = 0,a{p,q) = {P,Q) and 
2\\Q\\' = \\Af,A = m{P,Q). □ 

The proof of the commutativity in Theorem 13.21 is included in the 
above arguments and now we have proved Theorem 13.21 We restate 
the results more precisely in 

Proposition 3.8. (1) The operator T is a constant multiple of a 
unitary operator on each Vf". 
(2) The norm ofT on Vf^ is given by 



(3.34) 



T 



bm _^in+m r(/ + 2n + l/2) 



T{l + 2n) 



X 



T(/ + n + l/2)r(Z + n + l)T{l + 2n)T{l + 2n + 1) 

r(/ + ^)r(/ + ^)r(/ + ^)r(/ + ^) 



(3) By an asymptotic property of products of the Gamma function 
(see |Ra2j ) 



(3.35) 



lim 



T 



Vbm^n+i V2 



which also proves that the operator T is an isomorphism between 
the two Hilbert spaces f)^ and L2(P"]HI). 
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4. Quantization operator II 



In this section we describe another quantization operator T : [)|[ — >■ 
L^(P"E[). We construct it by making use of Proposition 11.71 (see |FYj 
for the case of the complex projective space). 

Based on the data explained in § 2 we can construct a quantization 
operator for the case of the sphere S'^"'"'"^(for details see |Ra2i). We 
denote this operator by . It is expressed as a fiber integration: 



(4.1) T'{g){nsmvs = MMB) ■ e-^H^" ^/\bi\ \\B\\-'/' Qs), 

where g isa function on j'*5'4"+3 ^ satisfying a suitable integrability 
condition. Then the operator T : — > C°^(P"]HI) is defined as 
follows: let / G V^, then T^{f3*{f)) is Sp{l) invariant, so that it can 



Note that /?*(/) is a polynomial of degree 2/ on M(2,C) x ■■■ x M(2,C). 

^ V ' 

n+1 

By the same arguments for the operator T o Ai, we see T o Ai = ci ■ Id 
on each subspace Hi with a constant q. 

Proposition 4.1. 



_ ^/\bi\ _1_ (/ + 2n + l/4)(/ + 2n + 3/4) 
~ 2v^7rf ' vr2' ■ {l + 2n + 1/2)2 

r(/ + 2n + l/4)r(/ + 2n + 3/4) 
^ r(/ + 2n+l)r(/ + 2n + l/2) 

Proof. Let ip ^ Hi, then 
(T^o^OM(n«e 




TO/(P"e) TO/(^2)^^^(g4n-l) ^ 2n) 

dimi/i 4 / + 2n+ 1/2 r(/ + 2n + l/2) 
1 r(2/ + 4n + 5/2) 

^ 7f (27r)2'+4n+5/2 
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where Li{P,P') = T{{P, (3{B))^). Of course, the fiber integration is 
taken with respect to the variable B, and we put P' — tt o 7rs{B). 
As before, to determine the constant q it is enough to calculate the 
integral 



/ 



Li{P,P)vm = Cl dim Hi. 



Because of the invariance of Li, we have for any point P e P"EI 

= ^(tt o nsUiP, m)c e-'^'"'" V\bi\ \\B\\-'/' ns) 
= 2^(^ ° ^5)*(((l/2) ligi^'e-'^ll^ll vl6^ \\B\\-'/' Qs) 

where we put B — \\q\\ p{p) + p{q)\/^-i and 7r(p) = P. Then we have 

Li{P^P) 

= • / {\\xf - {xl + xl + xDY ■ e-2'^ll^ll(2 \\x\\)-'/'dx 

r-—^ vol{S^)vol{S*''-^) r(/ + 2n) 1 r(2Z + 4n + 5/2) 
- V\bs\^ Z + 2n + l/2 r(Z + 2n + 1/2) ^2 (27r)2'+4n+5/2 " 

Finally we have 
Q 

-w/(P'^M) r(/ + 2n) 



dim Hi 4 / + 2n + l/2 r(/ + 2n+l/2) 
1 r(2Z + 4n + 5/2) 



X 



^ (2vr)2«+4n+5/2 

1 (/ + 2n + l/4)(/ + 2n + 3/4) 



2^2- Trt 7r2' (/ + 2n + 1/2)2 

r(/ + 2n + l/4)r(/ + 2n + 3/4) 



r(z + i)r(z + 2) 



X 



r(/ + 2n + l)r(/ + 2n+ 1/2) 

□ 



Prom the above arguments we have 
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Proposition 4.2. 



foT-^ = Slid 



\bs 


1 




2l 



(/ + 2n + l/4)(/ + 2n + 3/4) 
(/ + 2n)(/ + 2n + 1/2) 

r(/ + 2n + l/4)r(/ + 2n + 3/4) 
^ r(/ + 2n+ 1/2)2 

on if/. Hence T is an isomorphism between l)^ and L2(P"'H), because 
Ci/ai converges to y^|^2~^/^ = 7r/2 u;/ien I — > oo. 

Although the operator is unitary on each Vf^, no constant 

multiple of T can be a unitary operator between and L2{P"'M.). 
However we have similar properties as for the operator T, that is T 
can also be understood as a quantization operator of the flow {at}. 

Theorem 4.3. (1) The operator T is an isomorphism between the 

spaces and L2(P"1H[). 
(2) The following diagram is commutative 



(4.3) 



T 



T 



L2(P'*H) ) L2(P'^H). 

^-ty/=T^ AH+(2n+l)2 



5. The reproducing kernel 

In this section we show that the Hilbert space f)^ has a reproducing 
kernel. 

We see easily that any function in f)^ is holomorphic. Let / be in 1)^ 
and let / = Yld^o fi 'with /; e V^, then we have 

Bi{f)^Bi{fi). 

Hence we have 
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Now we can rewrite this expression as 



Let 

(5.1) nAA') = j2^[ {p,Ay^{p,A'y^vu, 

then we have 

(5.2) |7^(A A')\ < vol{P-M) J2 ^ Pll' P'll' • 
From the expression of 6; (Proposition 13. 5p we know that 

(5.3) = 0{l-'). 

Ol+l 

Hence 7^(A, A') is a holomorphic function on Ee x Ee. In fact it is 
holomorphic on all of the space M(2n + 2, C) and we have 7^.(^4, A') = 
TZ{A',A). By a similar estimation we have that for each fixed A' G 
M{2n + 2, C), the function Tl{A^ A') of A is in P)^. In summary 

Proposition 5.1. The Hilhert space fi^ has the reproducing kernel 

(5.4) n{A, A') = J2^ f (P, K JpMcVm, 
and we have 

|/(A')|<||7^(A^■) 
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